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a b s t r a c t
In this paper we have generalized the weak contraction principle to coincidence point and
common fixed point results in partially ordered metric spaces. Our results extend some
existing results. Two examples illustrating our results are given.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Alber andGuerre-Delabriere in [1] suggested a generalization of the Banach contractionmapping principle by introducing
the concept of weak contraction in Hilbert spaces. Rhoades [2] had shown that the result which Alber et al. had proved in
Hilbert spaces [1] is also valid in complete metric spaces.
Weakly contractivemappings andmappings satisfying otherweak contractive inequalities have beendiscussed in several
works, some of which are noted in [3–10].
Khan et al. [11] introduced the use of a control function in metric fixed point problems. This function was referred to as
‘altering distance function’ by the authors of [11]. This function and its extensions have been used in several problems of
fixed point theory, some of which are noted in [12–16].
In recent times, fixed point theory has developed rapidly in partially ordered metric spaces, that is, in metric spaces
endowed with a partial ordering [17–20].
Using the control functions the weak contraction principle has been generalized in metric spaces [4] and in partially
ordered metric spaces in [21]. In [22], the weak contraction principle has been generalized by using three functions.
Compatibility of two mappings introduced by Jungck [23] is an important concept in the context of common fixed point
problems in metric spaces. This concept has been weakened to compatibilities of type A, type B, type C and finally to weak
compatibility [24,25].
Definition 1.1 (Weakly Compatible Mappings [24]). Two mappings f , g : X → X where (X, d) is a metric space are weakly
compatible if they commute at their coincidence points, that is, if ft = gt for some t ∈ X implies that fgt = gft .
Lemma 1.1 ([25]). If f and g are either compatible, or compatible of type (A) (resp. type B or type C), then f and g are weakly
compatible.
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Definition 1.2 (g-Non Decreasing Mapping [26]). Suppose (X,≼) is a partially ordered set and f , g : X → X are mappings
of X to itself. f is said to be g-non-decreasing if for x, y ∈ X,
gx ≼ gy implies fx ≼ fy.
The purpose of this work is to extend the weak contraction principle to the case of two functions in partially ordered
complete metric spaces. Our results extend several existing results. Two illustrative examples are given.
2. Main result
Theorem 2.1. Let (X,≼) be a partially ordered set and suppose that there exists a metric d on X such that (X, d) is a complete
metric space. Let f , g : X → X be such that f (X) ⊆ g(X), f is g-non-decreasing, g(X) is closed and
ψ(d(fx, fy)) ≤ α(d(gx, gy))− β(d(gx, gy)) for all x, y ∈ X such that gx ≼ gy, (2.1)
where ψ , α, β : [0,∞) → [0,∞) are such that, ψ is continuous and monotone non-decreasing, α is continuous, β is lower
semi-continuous,
ψ(t) = 0 if and only if t = 0, α(0) = β(0) = 0 (2.2)
and ψ(t)− α(t)+ β(t) > 0 for all t > 0. (2.3)
Also, if any nondecreasing sequence {xn} in X converges to z, then we assume
xn ≼ z for all n ≥ 0. (2.4)
If there exists x0 ∈ X such that gx0 ≼ fx0, then f and g have a coincidence point.
Proof. By the condition of the theorem there exists x0 ∈ X such that gx0 ≼ fx0. Since f (X) ⊆ g(X), we can define x1 ∈ X such
that gx1 = fx0, then gx0 ≼ fx0 = gx1. Since f is g-non decreasing, we have fx0 ≼ fx1. In this way we construct the
sequence {xn} recursively as
fxn = gxn+1 for all n ≥ 1 (2.5)
for which
gx0 ≼ fx0 = gx1 ≼ fx1 = gx2 ≼ fx2 ≤ · · · ≼ fxn−1 = gxn ≼ fxn = gxn+1 ≼ · · · (2.6)
If any two consecutive terms in the sequence {xn} are equal, then the conclusion of the theorem follows. So we assume that
d(fxn−1, fxn) ≠ 0 for all n ≥ 1. (2.7)
Let, if possible, for some n
d(fxn−1, fxn) < d(fxn, fxn+1).
Substituting x = xn and y = xn+1 in (2.1), using (2.5), (2.6) and the monotone property of ψ , we have
ψ(d(fxn−1, fxn)) ≤ ψ(d(fxn, fxn+1)) ≤ α(d(gxn, gxn+1))− β(d(gxn, gxn+1))
= α(d(fxn−1, fxn))− β(d(fxn−1, fxn)). (2.8)
By (2.3), we have that d(fxn−1, fxn) = 0, which contradicts (2.7). Therefore, for all n ≥ 1
d(fxn, fxn+1) ≤ d(fxn−1, fxn).
It follows that the sequence {d(fxn, fxn+1)} is a monotone decreasing sequence of non-negative real numbers and conse-
quently there exists r ≥ 0 such that
lim
n→∞ d(fxn, fxn+1) = r. (2.9)
Taking n → ∞ in (2.8) and using the lower semi continuity of β and the continuities of ψ and α, we obtain ψ(r) ≤
α(r)− β(r), which, by (2.3), implies that r = 0. Hence
lim
n→∞ d(fxn, fxn+1) = 0. (2.10)
Next we show that {fxn} is a Cauchy sequence. If not, then there exists some ϵ > 0 for which we can find two sequences
{fxm(k)} and {fxn(k)} of {fxn} n(k) > m(k) > k, for all k ≥ 0,
d(fxm(k), fxn(k)) ≥ ϵ. (2.11)
and
d(fxm(k), fxn(k)−1) < ϵ. (2.12)
Now we have for all k ≥ 0, ϵ ≤ d(fxm(k), fxn(k)) ≤ d(fxm(k), fxn(k)−1)+ d(fxn(k)−1, fxn(k)) < ϵ + d(fxn(k)−1, fxn(k)) (by (2.12)).
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Taking k →∞ in the above inequality and using (2.10) we obtain
lim
k→∞ d(fxm(k), fxn(k)) = ϵ. (2.13)
Also, by triangular inequality, for all k ≥ 0, we have
d(fxm(k)−1, fxn(k)−1) ≤ d(fxm(k)−1, fxm(k))+ d(fxm(k), fxn(k))+ d(fxn(k), fxn(k)−1)
and d(fxm(k), fxn(k)) ≤ d(fxm(k), fxm(k)−1)+ d(fxm(k)−1, fxn(k)−1)+ d(fxn(k)−1, fxn(k)).
Taking limit as k →∞ in the above two inequalities and using (2.10) and (2.13) we have
lim
k→∞ d(fxm(k)−1, fxn(k)−1) = ϵ. (2.14)
Again, by (2.6), we have that the elements gxm(k) and gxn(k) are comparable. Putting x = xn(k) and y = xm(k) in (2.1), for all
k ≥ 0, we have
ψ(d(fxm(k), fxn(k))) ≤ α(d(gxm(k), gxn(k)))− β(d(gxm(k), gxn(k)))
= α(d(fxm(k)−1, fxn(k)−1))− β(d(fxm(k)−1, fxn(k)−1)) (by (2.5)).
Taking k →∞ in the above inequality, using (2.14), the continuities of ψ and α and the lower semi continuity of β , we
obtain ψ(ϵ) ≤ α(ϵ)− β(ϵ). Then, by (2.3), we have ϵ = 0, which is a contradiction.
It then follows that {fxn} is a Cauchy sequence and hence {fxn} is convergent in the complete metric space (X, d). Since
g(X) is closed and by (2.5), fxn = gxn+1 for all n ≥ 0, we have that there exists z ∈ X for which
lim
n→∞ gxn = limn→∞ fxn = gz. (2.15)
Now we prove that z is a coincidence point of f and g .
From (2.6), we have {gxn} is a non-decreasing sequence in X . By (2.15) and a condition of our theorem,
gxn ≼ gz. (2.16)
Putting x = xn and y = z in (2.1), by the virtue of (2.16), we get
ψ(d(fxn, fz)) ≤ α(d(gxn, gz))− β(d(gxn, gz)).
Taking n →∞ in the above inequality, using (2.2) and (2.15), we have d(gz, fz) = 0, that is,
fz = gz. (2.17)
This completes the proof. 
Theorem 2.2. If in Theorem 2.1 it is additionally assumed that
gz ≼ ggz (2.18)
where z is as in (2.4) and f and g are weakly compatible then f and g have a common fixed point in X.
Proof. Following the proof of the Theorem 2.1 we have (2.15), that is, a non-decreasing sequence {g(xn)} converging to gz.
Then by (2.18) we have gz ≼ ggz. Since f and g are weakly compatible, by (2.17), we have that fgz = gfz. We set
w = gz = fz. (2.19)
Therefore, we have
gz ≼ ggz = gw. (2.20)
Also
fw = fgz = gfz = gw. (2.21)
If z = w, then z is a common fixed point. If z ≠ w, then, by (2.1), we have
ψ(d(gz, gw)) = ψ(d(fz, fw)) ≤ α(d(gz, gw))− β(d(gz, gw)).
From (2.3), gz = gw. Then, by (2.19) and (2.21), we havew = gw = fw.
This completes the proof of Theorem 2.2. 
Remark 2.1. The additional condition used in Theorem 2.2 has also been used in a fixed point problem in partially ordered
metric spaces by Ciric et al. [26].
Remark 2.2. Continuity of f is not required in Theorem 2.1. If we assume f to be continuous then (2.4) is no longer required
for the theorem and can be omitted.
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Remark 2.3. In view of Lemma 1.1, the result of Theorem 2.2 is valid if we assume f and g to be compatible, compatible of
type A, type B or type C.
Example 2.1. Let X = [0, 1]. We define a partial order ‘≼’ on X as x ≼ y if and only if x ≥ y for all x, y ∈ X .
We take the usual metric d(x, y) = |x− y| for x, y ∈ X .
Let f , g : X → X be defined as, fx = x− 12x2 and gx = x− 13x2 for all x ∈ [0, 1].
Let ψ, α, β : [0,∞)→ [0,∞) be defined as ψ(t) = t , for t ∈ [0, 1],
α(t) = t for t ∈ [0, 1] and β(t) = t
2
6
for t ∈ [0, 1].
Without loss of generality we assume that x > y and verify the inequality (2.1).
For all x, y ∈ [0, 1]with x > y, d(f (x), f (y)) = (x− y)− 12 (x2 − y2) and d(g(x), g(y)) = (x− y)− 13 (x2 − y2).
Now, α(d(gx, gy))− β(d(gx, gy)) = (x− y)− 13 (x2 − y2)−
[(x−y)− 13 (x2−y2)]2
6 .
Since (x− y)− 13 (x2 − y2) ≤ (x− y), we have












Therefore, α(d(gx, gy))− β(d(gx, gy)) ≥ (x− y)− 13 (x2 − y2)− (x
2−y2)
6 = (x− y)− 12 (x2 − y2) = ψ(d(fx, fy)).
Therefore, the inequality (2.1) is satisfied.
Then, with any choice of x0 in (0, 1), all the conditions of Theorem 2.1 are satisfied. Also f and g are weakly compatible.
Further g also satisfies (2.18). Hence Theorem 2.2 is also applicable to this example. Here z = 0 is a coincidence point as
well as common fixed point of f and g .
Example 2.2. Let X = {0, 1, 2, 3, 4, . . . ..}. We define a partial order ‘≼’ in X as
x ≼ y if and only if x ≥ y and (y− x) is divisible by 2, for all x, y ∈ {2, 3, 4, . . . ..} and 1 ≼ 0, 2 ≼ 1.
A metric d on X is defined as, d(x, y) =

x+ y, if x ≠ y,
0, if x = y.
Then (X, d) is a complete metric space.
Let f , g : X → X be defined as fx =

x− 2, if x ≥ 3,




x− 1, if x > 1,
0, if x = 0, 1.





, for t > 1,





, for t > 1,
0, for t ∈ [0, 1].
Without loss of generality we assume that x > y and verify the inequality (2.1). Then the following cases are possible.
Case I. x = 1 then y = 0 and fx = 0 = fy, gx = 0 = gy. Thus (2.1) is satisfied.
Case II. x = 2 then y = 0 or 1 and fx = 0 = fy. Then (2.1) is satisfied.
Case III. x ∈ {3, 4, 5, . . .} then we have the following sub cases.
Sub cases IIIA. y = 2, then fx = x− 2, fy = 0, gx = x− 1 and gy = y− 1 = 1. Now d(f (x), f (y)) = x− 2,
d(g(x), g(y)) = x. Therefore, ψ(d(fx, fy)) = x− 2 < x− 1 = x+ 1x − 1− 1x = α(d(gx, gy))− β(d(gx, gy)).
Sub cases IIIB. y ∈ {0, 1}, then fx = x−2, fy = 0, gx = x−1 and gy = 0.ψ(d(fx, fy)) = x−2 = (x−1)+ 1
(x−1)−1− 1(x−1) =
α(d(gx, gy))− β(d(gx, gy)).
Sub cases IIIC. y ∈ {3, 4, 5, . . .}, then fx = x − 2, fy = y − 2, gx = x − 1 and gy = y − 1. Then d(fx, fy) = x + y − 4,
d(gx, gy) = x+ y− 2. Therefore,
ψ(d(fx, fy)) = x+ y− 4 < x+ y− 3 = (x+ y− 2)+ 1
x+ y− 2 − 1−
1
x+ y− 2 = α(d(gx, gy))− β(d(gx, gy)).
Thus (2.1) is verified.
It is observed that ψ , α, β and f , g are such that satisfies all other conditions of Theorems 2.1 and 2.2 are satisfied. Here
f and g commute at their only coincidence point ‘‘0’’. Then both Theorems 2.1 and 2.2 are applicable to the example.
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Remark 2.4. Our theorem extends several existing results. If we take ψ(t) = α(t) for all t > 0, g(x) = x and β(t) is a
continuous and nondecreasingmapping, in Theorem 2.1 we obtain the Theorem 2.2 of [21]. In view of Remark 2.2 we obtain
Theorem 2.1 of [21] as a special case of our result.
Remark 2.5. Under the assumptions of Theorem 2.1, if we set g(x) = x for all x, then we obtain an extension of Theorem
2.1 of [22] to partially ordered metric spaces.
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